In this article, we have discussed the effect of external magnetic field and other governing parameters on the flow and heat transfer in the presence of suspended carbon nanotubes over a flat plate. The governing equations of flow and heat transfer are derived from the Navier-Stokes and Prandtl boundary layer concept. The derived governing equations of flow and energy are non-linear partial differential equation, and these equations are converted into non-linear ordinary differential equations with corresponding boundary conditions using some suitable similarity transformations and are solved numerically using fourth-order Runge-Kutta method with efficient shooting technique. Effects of governing parameters on flow and heat transfer are shown through various graphs and explained with physical interpretation in detail. This study has applications in glass-fiber production and technology. On observing the results of this study, we can conclude that external magnetic field shows opposite behaviors on velocity and temperature and it enhances the rate of heat transfer.
Introduction
The nanofluids are engineered colloidal suspensions of nanoparticle (1-100 nm) in a base fluid. The very commonly used base fluids are water and organic liquids. Nanoparticle is made up of chemically stable metals, metal oxides, or carbon in different forms. The size of the nanoparticle is in unique characteristics to the base fluids, including energy, momentum, and mass transfer with reduced tendency for sedimentation and erosion of the surfaces. Nanofluids are being investigated for various applications, including cooling, manufacturing, chemical and pharmaceutical processes, medical treatments, and cosmetics. Churchill and Char 1 investigated the development of a complete set of continuous, comprehensive interrelating equations for the recovery factor and for the various functions of the flow field which are necessary for manipulating the heat transfer of the laminar boundary layer regime. Smith 2 studied the influence of boundary layer growth on the flow stability of the Blasius boundary layer and analyzed a rational, large Reynolds number, basis for small variation of fixed frequency. Pantokratoras 3 theoretically studied on the variable fluid properties of Blasius and Sakiadis flow of a non-Newtonian Carreau fluid and analyzed the physical properties of engine oil, air, and temperature, and after studying the various properties, they found that viscosity is stronger than the characteristics of the other fluids, whereas air considered as gas in which some inaccurate results have been found. Khan et al. boundary condition studied numerically. Rees and Bassom 5 investigated Blasius boundary layer flow of a micropolar fluid over a flat plate. The Blasius and Sakiadis flow with variable fluid properties was studied by Pantokratoras. 6 Two mathematical models' perturbation and energy balance equations are established by Xie et al. 7 to study the non-linear stability of two-phase flow in the Blasius boundary layer based on the weakly non-linear theory. Khan and Gondal 8 investigated a new reliable combination of Laplace transformation and homotopy perturbation pade method to obtain the series solution of familiar Blasius flow equation. Bataller 9 analyzed the effect of thermal radiation on the laminar boundary layer of a flat plate and solved the equations using numerical method, and heat transfer characteristics are plotted for different kinds of values of Prandtl number and radiation of parameter. Khan et al. 10 considered the Buongiorno model to analyze the effects of Brownian motion and thermophoresis on the flow, heat, and mass transfer due to a flat plate using the Runge-Kutta-Fehlberg method. Kourosh et al. 11 introduced a new method of algorithm to evaluate Blasius flow over a semi-infinite flat plate, and this semi-flat plate is used as a domain of the problem. Collocation method is used to solve the domain of the problem, and the authors analyzed few examples of this method which are in good agreement. Noreen et al. 12 and Bhattacharyya and Layek 13 studied the comparison result of magneto-hydrodynamic (MHD) boundary layer flow along with diffusion and chemical reaction due to a porous flat plate, considered that the reaction of the solute is inversely proportional to plate, and used well-known techniques and methods to solve the governing equations. The authors noticed that for increasing value of Schmidt number, the solute boundary layer thickness is decreased and very interestingly noted that for the large value of Schmidt number, the concentration profiles attain the negative value. Rashidi et al.
14 considered the analysis of second law of thermodynamics and applied to electrically conducting incompressible nanofluids due to a porous rotating disk by presenting externally applied uniform vertical magnetic field. The authors gave applications of their study, that is, in rotating MHD energy generators for few space systems and in thermal conversion MHD propulsion vehicles. They used von Karman transformation techniques to convert non-linear ordinary differential equations (ODEs), and results are in excellent agreement with their present and past published studies, when compared. They also analyzed different types of physical flow parameters, specially averaged entropy generation number, and explained very interesting applications in heat transfer enhancement in renewable energy systems and industrial thermal management, and this reproduction shows the feasibility of using magnetic rotating disk drives in novel nuclear space propulsion engines. Many authors are interested about types of fluids and have given so many applications; Kumari and Nath 15 focused on unvarying multifarious convection flow and heat transfer from an exponentially stretching vertical surface with its magnetic field and viscous dissipation. They pretended on velocity, surface temperature, and magnetic field to form particular exponential equations of the existing local similarity and they solved coupled non-linear ODEs of flow and heat transfer numerically by Chebyshev finite difference method and showed that Nusselt number slightly decreases along with increasing viscous dissipation. Jat and Neemawat 16 investigated the boundary layer flow and heat transfer over a moving flat plate in the presence of magnetic field by considering two-dimensional laminar incompressible electrically conducting viscous fluid. They applied similarity transformation to transform governing partial differential equations (PDEs) to ODEs and solved them numerically by standard techniques. The characteristics of nanofluids and heat transfers are reported by Sheikholeslami et al., 17 which are in between the parallel plates of a rotating system. Here, the effect of thermal conductivity and viscosity is taken into account and calculated by Koo-Kleinstreuer-Li (KKL) method. The primary equations are converted into ODEs, are solved numerically by applying fourth-order Runge-Kutta method, and showed that the magnitude of the skin-friction coefficient is an increasing function of the magnetic parameter, rotation parameter, and Reynolds number. Aly 18 studied the radiation effect on MHD stagnation point flow of nanofluid due to stretching sheet, Choi 19 is the first researcher to use the term ''nanofluids'' which is presented in 1995 at ''ASME Winter Annual Meeting.'' Therefore, the author worked that the boundary layer stagnation point flow of a stretching sheet in a nanofluid porous medium is saturated by a nanofluid in suction/injection cases and in the presence of radiation, magnetic field, and heat generation/absorption with velocity slip boundary conditions. The similarity transformations are used to transform the governing equations into ODEs. The system of equations is evaluated numerically using Chebyshev pseudo-spectral differentiation matrix (chPDM) method. Nanofluids have wide range of applications mainly in engineering fields like transformer cooling and powerful and small computer cooling, in industrial areas and power plants, and so on. Xu et al. 20 prepared analytical unsteady boundary layer flow and heat transfer of incompressible viscous electrically conducting fluid on impulsively stretching surface (plate) and characteristics of the temperature. The authors used homotopy method, and a series of solutions are obtained for all dimensionless spatial regions 04h \ ' and reported as this kind of solutions have not been found to the best of the authors' knowledge. Yazdi et al. 21 analyzed the MHD slip over a permeable stretching surface in the presence of chemical reaction and studied the characteristics of the fluid slip flow. Noor et al. 22 investigated analytically the MHD viscous flow due to a shrinking sheet. The authors obtained a series of solutions using Adomian decomposition method (ADM) coupled with pade approximations at infinity condition, and the numerical results are well agreed with the homotopy analysis method; Dinarvand et al. 23 considered the unsteady laminar incompressible boundary layer flow of a viscous fluid in the presence of a stagnation point of a rotating sphere along with a magnetic field and a bouncy force. A system of nonlinear equations is converted to linear equations by applying suitable transformations and methods; here, the authors used analytical method called homotopy analysis method and solutions of analytical method constructed in a series form, and the results of different kinds of parameters, such as magnetic field, bouncy number, rotation of parameters, and surface heat transfer, are analyzed in their problem and the behavior of the homotopy analysis method is given in Takhar et al. 24 Yazdi et al. 25 considered the two-dimensional steady MHD flow past a permeable surface with partial slip in the presence of viscous dissipation effect under convective heating boundary conditions. An application given to the authors is that a magnetic field can control the motion of an electrically conducting fluid in micro-scale system and can be applied for fluid transformation. As we know, the authors discussed different kinds of physical parameters like magnetic parameter and slip coefficient suction/injection, and characteristics are shown graphically and resulted as heat transfer rate increases with the increase in Biot number, slip coefficient, and suction and magnetic parameter, while it decreases with the increase in Eckert number and injection. Yazdi et al. 26 gone into the analysis of openparallel micro-channels and embedded within permeable continuous moving surface temperature (PST) given a reduction of exergy losses in MHD flow. The authors formulated the entropy generation number as the width of the surface based on an equal number of micro-channels and no-slip gaps spread between the micro-channels and entropy generation number, and Bejan number for the pertinent values of the parameters is presented in graphs and discussed in detail. Yazdi et al. 27 studied the embedded open-parallel micro-channels within a micro-patterned permeable surface for reducing entropy generation MHD fluid flow in the micro-scale systems, and they investigated the results as the surface-embedded micro-channels can successfully reduce entropy generation in the presence of an applied magnetic field. Abbasbandy et al. 28 studied the MHDs Falkner-Skan flow of the Maxwell fluid with suitable methods are used to convert the nonlinear PDEs to ODEs due to semi-infinite interval. The authors utilized the rational Chebyshev collocation method to find the solutions of approached boundary value problems. Gangadhar 29 well considered the radiation, heat generation viscous dissipation, and MHD effects on a laminar boundary layer due to a flat plate and Sakiadis flows with a convective surface boundary condition. The author finds different parameters, such as magnetic field, Grashof number, Prandtl number, radiation heat generation, convection, and Eckert number, which are graphed and calculated when he compared his result with previously published results which showed excellent result. Das et al. 30 numerically studied unsteady magneto-nanofluids flow due to an accelerating convectively heated stretching sheet with boundary conditions in the presence of a transverse magnetic field with heat source/sink. The authors solved unsteady governing equations by very familiar method with shooting techniques and Fehlberg scheme. The authors considered three types of waterbased nanofluids containing copper, aluminum oxide, and titanium dioxide, and the effects of various parameters are studied and compared. Kandasamy et al. 31 reported the influence of thermophoresis and Brownian motion of nanoparticle with variable stream conditions in the presence of magnetic field on mixed convection flow in the boundary layer of semi-infinite porous vertical plate in nanofluids and the convective boundary conditions. In their work, they considered the parameters with magnetic field on momentum, thermal, nanoparticle volume fraction, and Solutal concentration boundaries. As a result, the authors found that the magnetic field has an important role in nanofluid flow under the convective boundary conditions. Gireesha et al. 32 analyzed theoretically hydro magnetic heat transfer in dusty viscous fluid continuously stretching non-isothermal surface, the effect of hall current, Darcy porous medium, thermal radiation, and nonuniform heat source/sink. Specifically, here, two cases arise, namely, PST and prescribed surface heat wall flux (PHF). Sakiadis 33 is the first to investigate the boundary layer flow over a continuous solid surface moving with a constant speed. Nandeppanavar 34 and Nandeppanavar and Shakunthala 35 investigated the boundary layer flow and heat transfer of a nanofluid over a vertically stretching sheet with partial slip. Here, the author studied flow, heat, and mass transfers and used familiar methods like Runge-Kutta integration scheme and Newton-Raphson scheme, as well as solutions of various parameters like Brownian motion and thermophoretic discussed and demonstrated with graphical aid. Khan et al. 36 and Howarth 37 have studied the fluid laminar boundary layer flow. Ellahi et al. [38] [39] [40] [41] [42] investigated non-Newtonian nanofluid between coaxial cylinders, a natural convection boundary layer flow with a cone, nano-ferroliquid flow using rotating disk, MHD natural convection nanofluid in the singlewall carbon nanotube (SWCNT) as well as multi-wall carbon nanotube (MWCNT) using salt base water, and heat transfer nanofluid stagnation point flow in the presence of mixed convection flow. Zeeshan et al. 43 have considered an analysis on mixed convection flow of different shapes of nanoparticles over a rotating disk. Mamourian et al. 44, 45 have investigated the analysis of optimization of mixed convection heat transfer, sensitivity analysis on solar heat transfer of two-phase simulation, and turbulent heat transfer pressure drop; Shirvan et al. 46 have investigated a natural convection nanofluid wavy surface and sensitivity characteristics.
Zeeshan et al. 47 considered an analysis on the effect of magnetic dipole on viscous ferrofluid in the presence of thermal radiation. Rahman et al. 48 examined the effects of slip nanoparticles on Jeffery fluid. Akbarzadeh et al. 49 studied a sensitive analysis on thermal and pumping power for the nanofluid flow in wavy channel. Bhatti et al. 50 investigated the effects of magnetic field on peristaltic flow of Jeffery fluid in a uniform rectangular duct with compact walls. Shehzad et al. 51 investigated the effects of convective heat transfer of nanofluid using Buongiorno in mathematical model. Majeed et al. 52 analyzed an analysis of unsteady ferromagnetic liquid flow and heat transfer with the effect of dipole and heat flux. Akbar et al. 53 considered an effect of induced magnetic field and heat flux for the peristaltic flow and effects of heat generation and magnetic field on peristaltic water base fluid in the analysis of copper oxide nanoparticles. Akbar et al. 54 have analyzed copper oxide, and Sheikholeslami and Ellahi 55 have considered ethylene glycol nanofluid for hydrothermal treatment by applying the non-uniform electrical filed. Forns et al. 56 have studied the elbasvir (EBR), GT1, and direct acting antiviral therapy. Sheikholeslami et al. 57 have investigated induced magnetic field of free convection of nanofluid using KKL correlation. On observing above literature, no work has been done on MHD flow of nanofluid and heat transfer due to flat plate in the presence of carbon with CNT; hence, in the present problem, we considered a study on this topic.
Mathematical formulation
We have considered steady, laminar, and incompressible two-dimensional flow hydro magnetic and heat transfer due to flat plate in a water-based nanofluids containing SWCNT and MWCNT. The primary governing equations of the considered problem are (for physical configurations, please refer Nandeppanavar and Shakunthala
where
The boundary conditions associated with the considered problem are
here, u and v are the velocity components along the xaxis and y-axis, respectively, and a nf is the thermal diffusivity, y nf is the kinematic viscosity of nanofluid, and U N is the stream velocity.
Other physical properties are
here, m f is the viscosity of the base fluid; f is the nanoparticle volume fraction; k nf is the thermal conductivity of nanofluids; k f and k CNT are the thermal conductivity of the base fluid and carbon nanotubes, respectively; and r CNT and r f are the thermal density of the carbon nanotubes and base fluid, respectively. To convert PDEs (equations (1)- (3)) to ODEs, we use the following transformations.
Using following similarity transformations
where h is the similarity variable, T f is the convective fluid temperature, and T ' is the ambient temperature. Using equation (6) in equation (1), it satisfies identically, and equations (2) and (3) are reduced to
here, Pr = (mc p ) f =k f is the Prandtl number and M = B 2 0 s=rU ' , where B(x) = B 0 = ffiffiffi x p and primes indicate the differentiation with respect to h.
Boundary conditions
The physical quantities of the local skin-friction coefficient and the local Nusselt number Nu are given by
where t w = m nf ∂u ∂y
, q w = À xk nf ∂T ∂y
where Re 1=2 x = (U ' x=y f ) 1=2 represents the Reynolds number, C f local skin friction, and Nu x local Nusselt number.
Numerical solution
The governing equations (7) and (8) 
Here, we have referred the values of thermophysical standard properties of water, SWCNT, and MWCNT (refer Nandeppanavar and Shakunthala 35 for the table of thermophysical properties).
Equations (12) and (13) cannot be solved easily as there are numerically insufficient boundary conditions, f 00 (0) and u 0 (0); hence, we have converted boundary value problems (12) and (13) 
Results and discussion
In this article, we have studied the effect of various governing parameters on the flow and heat transfer profiles and we have solved the governing boundary value problem using Runge-Kutta fourth-order numerical method with efficient shooting technique. Finally, obtained results are discussed as follows. Table 1 has given the comparison result of local skin friction and local Nusselt number. Figure 1 Effect of f on velocity profile is shown in Figure  2 (a) and (b) for SWCNT and MWCNT, respectively. On observing these plots, the horizontal velocity profile enhances as parametric values of f increase and meet to free stream velocity with same thickness of boundary layer. 
Conclusion
MHD Blasius flow and heat transfer due to flat plate in the presence of water-based carbon nanotubes are considered. The boundary value problems obtained are solved numerically using Runge-Kutta fourth-order method with shooting technique, and effects of various physical parameter profiles are studied through respective plots. The conclusions of considered study are as follows:
1. Magnetic field has opposite effect in velocity and temperature distribution. 2. Magnetic field enhances the rate of heat transfer.
Temperature distribution enhanced with increasing values of all governing parameters except Pr. 3. SWCNT gives better heat transfer compared to MWCNT. 
